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Expression (5) is usually presented as  
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For the anisotropic case, we may suppose that the common isotropic decay already modeled by (7) and 
that the anisotropic factor ! !"#$%&'%(#) includes only the anisotropy correction and is similar to (2) with 
! !"#$%&'%!"# ! ! ! ! !

! !, i.e. that 
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The anisotropic scale factor scale ! !"#$%&'%(#) is frequently presented as 
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where the symmetric matrix 
 

! !"#$% ! ! ! ! ! ! ! ! ! ! !"#          (11) 
 
is the overall anisotropic scale matrix (Sheriff & Hendrickson, 1987; Grosse-Kunstleve & Adams, 
2002).  
 
 
1.3. Anisotropic scale factor, polynomial model 
 
Referring to the absorption model by Parkin et al. (1995), Us—n et al. (1999) suggested to substitute (10) 
by an expression  
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depend on the resolution and, more generally, on Miller indices of the particular reflection. They 
correspond to different phenomena and are usually presented in several traditional forms. 
 
 
1.2. Isotropic and anisotropic scale factors 
 
The overall scale factor ! !"#$%&& is aimed to compensate our impossibility to obtain experimental 
structure factor amplitudes in the absolute scale to compare them directly with the amplitudes calculated 
from an atomic model. For example, this includes a common dependence of all experimentally 
measured intensities on the crystal size, on the time of measurement, etc. 
  
The scale factor ! !"#$% ! ! !"#$%#&!'! !"#$%&'%(#) describe a decay in the structure factor amplitudes due to 
some overall crystal effects such as an overall crystal motion. A commonly accepted harmonic model 
results, in reciprocal space, in a scale factor in form  
 

! !"#$% ! !"# ! ! !
! ! !

! ! ! !
! ! !

! ! ! !
! ! !

! ! !"# ! ! ! ! !       (2) 
 
where ! ! ! ! ! ! !  are Cartesian coordinates of a reflection !  in the orthonormal base with the axes 
parallel to the principal axes of the diffraction anisotropy, ! !  is the transpose vector, and the 
elements!! !

! ! ! !
! ! ! !

!  of the diagonal matrix !  describe this anisotropy; smaller !  means slower 
amplitude decay in the corresponding direction. At the same time reflections are usually defined by the 
Miller indices ! ! ! ! !  in the crystallographic conjugate coordinate system defined by the parameters ! ! , 
! ! , ! ! , ! ! , ! !  and ! !, with the base vectors ! ! , ! ! , ! !   neither orthogonal to each other nor normal, and 
the principal directions of anisotropy do not need to coincide with any of these base vectors. The two 
bases may be linked to each other by an orthogonalization followed by an appropriate rotation 
describing the relation between two sets of coordinates as  
 

! ! !"#            (3) 
 
Here matrices O and R describe these orthogonalization and rotation (or, in other words, the direction of 
the anisotropy axes with respect to the vectors ! ! , !! , ! ! ), and the two column vectors are composed 

from the Miller indices of a given reflection ! !
!
!
!

, and from its Cartesian coordinates, ! !
! !
! !
! !

, in 

the system discussed above.  
 
In new coordinates, (2) becomes 
 

! !"#$% ! !"# ! ! !!! ! ! !"#$          (4) 
 
For isotropic diffraction, ! ! ! !

! !  is proportional to the identity matrix, which results in 
 

 ! !"#$% ! !! !"#$%#&!' ! !"# ! ! !
! ! !! ! ! ! !"#$ ! !"# ! ! !

! !! ! ! ! ! !"# !   
  

! !"# ! ! !
! ! ! ! ! !" ! !"# ! ! !

! ! ! ! ! !       (5) 
 
where G* is the reciprocal space metric tensor, 
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Crystal System Restrictions on U 

Triclinic 
1-2  

None 

Monoclinic 
3-15 

U13=U23=0 when ! =" =90û 
U12=U23=0 when #=" =90û 
U12=U13=0 when #=! =90û 

Orthorhombic 
16-74 

U12=U13=U23=0 

Tetragonal 
75-142 

U11=U22 and U12=U13=U23=0 

Rhombohedral 
(trigonal) 
143-167 

U11=U22=U33 and U12=U13=U23 

Hexagonal 
168-194 

U11=U22 and U13=U23=0 

Cubic 
195-230 

U11=U22=U33 and U12=U13=U23=0 (=isotropic) 
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with two symmetric matrices ! !  and ! ! . This expression known as the polynomial model of the 
anisotropic scale can be thought as the first terms of the development of (10) in the Taylor series with 
the constant term omitted. Indeed, without this term equal to 1, expression (12) being calculated for the 
reflection(0,0,0) gives ! !"#$%&'%(#) !  0 for any combination of the coefficients in (12) that is obviously 
nonsense even when this reflection does not really present in most of calculations. 
 
In the frame of the previous paragraph, the presence of parameters of the unit cell of reciprocal space in 
(12) is natural due to presence of the orthogonalization matrix and its transponent, however this would 
also suggest presence of cosines of corresponding angles, similarly to (8). In (10) both these parameters 
are hidden in the coefficients. 
 
 
1.4. Bulk solvent scale factor 
 
Differently from scale factors ! !"#$%&&!! !"#$%#&!'! ! !"#$%&'%(#), the bulk solvent scale factor ! !"#$   is a 
part of the so called model flat bulk solvent model (Jiang & BrŸnger, 1994). In PHENIX (Adams et al., 
2010), the mask is computed using memory efficient exact asymmetric units described by Grosse-
Kunstleve et al. (2011), and!! !"#$  supposes to attenuate the structure factors calculated from the flat 
envelope and put them in an appropriate scale with respect to the model structure factors. By similarity 
to atomic models, Jiang & BrŸnger empirically suggested presenting this scale factor in Gaussian form 
 

! !"#$ ! ! !"#$%&'!"# !
! !"#$%&'

!
! !         (13) 

 
while presenting it simply by a tabulated function of the resolution was discussed by Urzhumtsev 
(1994). Later Fokine a Urzhumtsev (2002) demonstrated some physical meaning of the parameters 
suggested by Jiang & BrŸnger and the reasonable limits for their values.  
 
 
1.5. Search for the optimal values of the scale factors 
 
The values of the scale factors ! !"#$%&&, ! !"#$%#&!', ! !"#$%&'%(#) and ! !"#$  or corresponding parameters in 
(7), (10), (12), (13) are defined from the best fit of the amplitudes of the calculated structure factors (1) 
to the observed (experimental) amplitudes structure factors values, ! !"# . This can be done by 
minimizing  
 

!" ! ! !"# ! ! !"#$%
! ! !"#!         (14) 

 
or using more complicate targets like maximum likelihood (Afonine et al., 2005). Despite the seaming 
simplicity, finding these values may be tricky owing to their mutual correlation and a number of 
numerical issues that may arise (Fokine & Urzhumtsev 2002; Afonine et al, 2005). Therefore the robust 
and complex procedure was developed by Afonine et al. (2005) and since that is routinely used in 
PHENIX. Owing to its thoroughness this procedure may be time expensive. 
 
In this paper we describe a new algorithm, which results in about 100-fold speed up (XXX  for the best 
example found) of the calculations described by Afonine et al. (2005) and also provides a better fit of 
the data. The speed gain is achieved by obtaining the optimal values of all parameters analytically, 
without using any iterative optimization procedures. 
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implemented in theCCTBX bulk-solvent correction and
scaling module.
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1. Introduction

Analysis of the Protein Data Bank (PDB; Bernsteinet al.,
1977; Bermanet al., 2000) shows that macromolecular crystals
contain a signiÞcant amount of disordered solvent. The total
solvent content varies around a mean of 55%, with a lower
bound of approximately 20% and an upper bound of
approximately 95%. The contribution of this bulk solvent to
the diffracted amplitudes becomes non-negligible at lower
resolution (d > 8.0 Aû). In the past, it has been common
practice to truncate the low-resolution data and use only
middle- and high-resolution shells for crystallographic calcu-
lations. More recently, it has been demonstrated that low-
resolution data are very important for electron-density map
analysis (Urzhumtsev, 1991), crystallographic reÞnement
(Kostrewa, 1997) and the translation search in the molecular-
replacement method (Urzhumtsev & Podjarny, 1995; Fokine
& Urzhumtsev, 2002b). For a review and more complete set of
references see, for example, Jiang & Bru¬nger (1994), Badger
(1997) and Urzhumtsev (2000).

Jiang & Bru¬nger (1994) demonstrated that a ßat bulk-
solvent model (Phillips, 1980) is the most reliable model and
proposed an algorithm for calculation of the parameters. This
involves the calculation of a solvent mask and the determi-
nation of two bulk-solvent parameters,ksol andBsol. Fokine &
Urzhumtsev (2002a) analyzed the distribution of bulk-solvent
parameters and provided a more physical insight for this
model. Alternatively, an exponential model for correcting for
the effects of bulk solvent (Moews & Kretsinger, 1975;
Tronrud, 1997) can be used. This is available in some reÞne-
ment programs:SHELX (Sheldrick & Schneider, 1997),
REFMAC (Murshudov et al., 1997;REFMAC also provides
the option for the ßat bulk solvent described above) andTNT
(Tronrud, 1997). However, it has been shown that this method
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Here,Fcalc
s is the calculated structure-factor magnitude for the

reßectionsfrom the available atomic model. The coefÞcient"s

depends on the three-dimensional indexs and on the space
group and is equal to the number of symmetry operations that,
when applied to the vectors, leave it unchanged. The para-
meters ! s and " s accumulate the uncertainties in atomic
coordinates and temperature factors (Lunin & Urzhumtsev,
1984; Read, 1986, 1990, 2001; Lunin & Skovoroda, 1995;
Pannu & Read, 1996; Urzhumtsevet al., 1996). It is worth
noting that the scale coefÞcient between observed and calcu-
lated structure factors, if not introduced explicitly, is also
accumulated in these two parameters.

The explicit introduction of the anisotropic scale factor and
the contribution from the bulk solvent into (5) can be realised
by replacingFcalc

s with Fmodel
s as deÞned in (2),

ML !
P

s2S
! "Fmodel

s ; Fobs
s ; ! s; " s#: "7#

The derivatives of! with respect to the six anisotropic scale-
matrix elementsBcart and the solvent parametersksol andBsol

required for Þrst-derivative minimization methods such as
LBFGS (Liu & Nocedal, 1989) are provided in AppendixA.

3. Algorithm for determination of ksol, Bsol and Bcart

Fokine & Urzhumtsev (2002a) have shown that the bulk-
solvent parametersksol and Bsol are distributed around
0.35 e Aû$ 3 and 46 Aû2 and the physically reasonable range for
these parameters can be approximately deÞned asksol 2 (0.1,
0.8) andBsol 2 (10, 80). These observations make it possible to
implement a systematic search procedure for the determina-
tion of ksol andBsol, therefore making the whole protocol very
robust and insensitive to the potential minimization problems
mentioned above.

Fig. 1 outlines the algorithm implemented in theCCTBX
using the likelihood function. Starting from zero values for
ksol, Bsol andBcart, the values for! and" (Lunin & Skovoroda,
1995) are calculated using cross-validation data with
smoothing over resolution shells using spline functions (Lunin
& Skovoroda, 1997). The value of the ML function (7) is
evaluated at this initial point. In the next step, a grid-search
procedure is applied in order to Þndksol andBsol: for each trial
pair (ksol, Bsol) the parameters! , " are updated and the value
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Figure 1
Algorithm for calculation of ßat bulk-solvent model parametersksol and
Bsol and the anisotropic scale matrixBcart as implemented inCCTBX.

Figure 2
Flat bulk-solvent model parametersksol and Bsol determined for 21 test
models (see text for details of the models) using the least-squares (LS) or
maximum-likelihood (ML) target functions.

Figure 3
Flat bulk-solvent model parametersksolandBsol for 35 structures selected
from the PDB (PDB codes 1ci3, 1gzk, 1jh7, 1jj1, 1jvx, 1jzb, 1ev8, 1evf,
1k33, 1ijk, 1izr, 1kk7, 1kzn, 1lee,1 lfv, 1dzj, 1m5u, 1m8s, 1nfg, 1oz4, 3gwx,
1ev5, 1evg, 1f3u, 1g1b, 1p9h, 1r30, 1tve, 1hw3, 1hw4, 1ijb, 1izp, 1izq, 1ktk,
2gwx). Blue diamonds and red squares correspond to the bulk-solvent
parameters calculated inCCTBX using least-squares (LS) and maximum-
likelihood (ML) target functions, respectively. Black triangles represent
the bulk-solvent parameters reported in the PDB Þle under keywords
ÔKSOLÕ and ÔBSOLÕ.
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+024/1)&40.(A&+025-.#./01#,&)77/+/)1+3&#1:&20:),,/1<&50Q)8A&2#=/1<&.()2 &2).(0:*& 07&+(0/+)&/1&
20*.&07&20:)81&+83*.#,,0<8#5(/+&*07.Q#8)&5#+=#<)*%&R/.(/1&.(/*&20:),&.()&.0.#,&*.8-+.-8)&7#+.08&/*&
:)7/1):&#*&
&

! !"#$% ! ! !"#$%&&! !"#$%#&!'! !"#$%&'%(#) ! !"#! ! ! !"#$! !"#$ & & & & ?B$&
&

708&)#+(&8)7,)+./01*&! !
!
!
!

A&Q()8)&! !"#$%&&$/*&.()&0>)8#,,&*+#,)&7#+.08A&! !"#$%#&!'&#1:&!!"#$%&'%(#)&#8)&

/*0.805/+&#1:&#1/*0.805/+&?S/,,)8&/1:/+)*&:)5)1:)1.$&*+#,)&7#+.08*&8)*5)+./>),3A&! +#,+&#1:&! 2#*= &#8)&
.()&*.8-+.-8)&7#+.08*&+025-.):&7802&#.02/+&20:),&#1: &*0,>)1.&2#*=&8)*5)+./>),3 A&#1:&! !"#$ &/*&#&
4-,= 6*0,>)1.&*+#,)&7#+.08%&'()&2#*=&/*&+025-.):&-*/1<&2)2083&)77/+/)1.&);#+.&#*322).8/+&-1/.*&
:)*+8/4):&/1&?T80**)6U-1*.,)>)&"#$%&%A&!"BB$%&&
VN&W&V*&/.&/*&58)*)1.):&10Q&43&?B$A&/.&/*&-1+,)#8&#1:&)>)1&2/*,)#:/1<&Q(#.&/*&#&:/77)8)1+)&4).Q))1&
.()&.(8))&*+#,)&7#+.08*A&Q(3&30-&:)+0250*)&#&*/1<,)&+0)77/+/)1.&/1&#&580:-+.&07&.(8))&+01*)+-./>)*A&
).+X &'()& 2)#1/1<& 07& )#+(&*+#,)& /1& ?B$& /*& );5,#/1):& 4),0QW&4). Q))1& .(/*& 50/1.& #1:& Y!%S).(0:*Z&
*)+./01%&V,*0A&.(/*&/*&Q(#.&.()&#,<08/.(2&43&V701/1)&).&#,&?!""P$&/*&05)8#./1<&Q/.(%&[1&.()&#,<08/.(2&
:)*+8/4):&4),0Q&:-25*&)>)83.(/1<&/1.0&U&#1:&;&?Q(/+(&/*&.0.#,,3&7/1)&#1:&#&2#..)8&07&+(0/+)$A&4-.&
/.\*&<00:&.0&</>)&50/1.)8*&.0&Q(#.&.()&/1:/>/:-#,&+02501)1.*&#8)&?08&#.&,)#*.&2#3&4)$%&
&
V*& #& */1<,)& 1-24)8A& .()& *+#,)&! !"#$%&&&+#1& 4)& :)7/1):& #*& #& 5#8#2).)8&.(#.& 2/1/2/])*& .()& ,)#*. 6
*^-#8)*&8)*/:-#, &
&

!" ! ! !"# ! ! !"#$%&&! !"#$%
! !

! & & & & & & & ?!$&
&
Q()8) &! !"# &#8)&.()&#25,/.-:)*&07&04*)8>):&*.8-+.-8)&7#+.08*A&! !"#$%

! ! ! !"#$%#&!'! !"#$%&'%(#) !!"#! !
! !"#$ ! !"#$ A&#1:&.()&*-2&/*&.#=)1&0>)8&#,,&8)7,)+./01*%&' ()&*0,-./01&07&!"# ! ! !"#$%&&! ! &</>)*W&
&

! !"#$%&&! ! !"# ! !"#$%
! ! !"#$%

! !
! & & & & & & & ?_$%&

&
R/.(/1&.()&);501)1./#,&20:),&.()&#1/*0.805/+&*+#,)&7#+.08&/*&:)7/1):&#*&&
&

! !"#$%&'%(#) ! !"# ! ! ! ! !! ! !"#$%! & & & & & & & ?J$&
&
Q()8)&" +83*.&/*& .()& 0>)8#,,& #1/*0.805/+& *+#,)& 2#.8/;&#1:&/.&/*& )^-/>#,)1.& .0&" `&:)7/1):& /1 &T80**)6
U-1*.,)>)&G&V:#2*&?!""! $A&! ! &/*&.()&.8#1*50*)&07&+0,-216>)+.08&#%&&
&
'()&50,3102/#,&20:),&:)7/1)*&.()&#1/*0.805/+&*+#,)&#*&
&

! !"#$%&'%(#) ! ! !!! ! ! ! ! ! ! ! ! ! && & & & & & & ?P$&
&

•! G0",&))$'4&)"$%&4(+,!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!JRO%#*4*)(.!$#B4.K!
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! ! !
! ! ! ! ! ! ! ! ! ! ! !

! ! ! ! ! ! ! ! ! ! ! !

! ! !! ! ! ! ! ! ! ! !
!

! ! ! ! ! ! ! ! !"# ! ! ! ! ! ! !"# ! !

! ! ! ! !"# ! ! !! ! ! ! ! ! ! !"# ! !

! ! ! ! !"# ! ! ! ! ! ! !"# ! ! ! ! ! !
   (6) 

 
Expression (5) is usually presented as  
 

! !"#$%#&!' ! !"# !
! !"#$%#&!'

!
! !         (7) 

 
with 

! ! ! ! ! ! ! !            (8) 
!
! ! ! ! ! ! ! ! ! ! ! ! ! !! ! ! ! ! ! !" ! ! ! ! !"# ! ! ! ! ! ! ! ! ! ! !"# ! ! ! ! ! ! ! ! ! ! !"# ! ! !

 
For the anisotropic case, we may suppose that the common isotropic decay already modeled by (7) and 
that the anisotropic factor ! !"#$%&'%(#) includes only the anisotropy correction and is similar to (2) with 
! !"#$%&'%!"# ! ! ! ! !

!! , i.e. that 
 

! !"#$% ! !! !"#$%#&!'! !"#$%&'%(#)         (9) 
 
The anisotropic scale factor scale ! !"#$%&'%(#) is frequently presented as 
 

 ! !"#$%&'%(#) ! !"# ! ! ! ! ! ! ! !"#$%! !        (10) 
 

! ! ! ! ! ! !! ! ! ! ! !! ! ! ! ! !! ! ! ! ! !"! ! ! ! ! !" ! ! ! ! ! !"! !"  
 
where the symmetric matrix 
 

! !"#$% ! ! ! ! ! ! ! !! ! !"#          (11) 
 
is the overall anisotropic scale matrix (Sheriff & Hendrickson, 1987; Grosse-Kunstleve & Adams, 
2002).  
 
 
1.3. Anisotropic scale factor, polynomial model 
 
Referring to the absorption model by Parkin et al. (1995), Us—n et al. (1999) suggested to substitute (10) 
by an expression  
 

! !"#$%&'%(#) !             (12) 
 

! ! ! !! !! ! ! ! ! ! ! ! !! !! ! ! ! ! ! ! ! !! !! ! ! ! ! ! ! ! !" !! ! ! ! !! ! ! ! ! !" !! ! !" ! ! ! ! ! ! !" !! ! ! !! ! ! ! !  
! ! !! !! ! ! ! ! ! ! ! !!!! ! ! ! ! ! ! ! !! !! ! ! ! ! ! ! ! !" !! ! ! ! ! ! ! ! ! ! !" !! ! !!! ! ! ! ! ! !" !! ! !"! ! ! ! !  

 
! ! ! ! ! ! ! ! ! ! ! ! ! !       

 

 3 

!"#$# %! ! !!"# !! ! %&$#%'())#*$+,%-.-%)&*$+,#'%&/0%!12! "" . ! #&/0%" .%+'%*"#%$#,+3$4,&5%'3&,#%)#*$+,%
*#/'4$ 6%777%8%5+9#0%*"#%+0#&%4:%"&;+/<%&*%5#&'*%'4)#*"+/<%*"&*%&**#)3*'%*4%#=35&+/%*"+'%',&5#>%#;#/%
)&(%?#%+/%&%"&/0@!&;+/<%!&( A%
%
B"#%?C59%'45;#/*%',&5#%,&/%?#%0#:+/#0>%:4$%#=&)35#>%&'%%
%

! !"#$ ! ! !"# !"# ! ! !"# ! ! ! % % % % % % % % DEF%
#
!"#$# #$'45%&/0%%'45%&$#%:5&*%?C59%'45;#/*%)40#5%3&$&)#*#$'%DG"+55+3'>%HIJKL%M+&/<%N%O$P/<#$>%HIIQL%
R49+/#%N%S$T"C)*'#;>%1KK1F6%777%8%*"+/9%+*U'%<440%*4%"&;#%+*%"#$#%'+/,#%+*%/+,#5(%#=35&+/'%9'45%&/0%
O'456%
%
V#*#$)+/&*+4/%4:%&/+'4*$43+,%',&5#%3&$&)#*#$'%D'+=%#5#)#/*'%4:%! !"#$%#)&*$+=%4$%*!#5;#%#5#)#/*'%
4:%! ! !!"# !! ! %+/%DWFF%&/0%?C59%'45;#/*%! !"# %&/0%! !"# #$#XC+$#'%*"#%)+/+)+T&*+4/%4:%*"#%*&$<#*%D1F%!+*"%
$#'3#,*%*4%*"#'#%3&$&)#*#$'6%V#'3+*#%*"#%'#&)+/<%'+)35+,+*(>%*"+'%*&'9%)&(%?#%*$+,9(%4!+/<%*4%&%
/C)?#$%4:%/C)#$+,&5%+''C#'%*"&*%)&(%&$+'#%DR49+/#%N%S$T"C)*'#;%1KK1?L%Y:4/+/#%&"# '()>%1KKWF6%
B"#$#:4$#%*"#%$4?C'*%&/0%,4)35#=%3$4,#0C$#%!&'%0#;#543#0%?(%Y:4/+/#%&"# '()%D1KKWF%&/0%'+/,#%
*"&*% +'% $4C*+/#5(% C'#0%+/% G"#/+=% DY0&)'%&"# '(6>% 1KHKF6%Z4!#;#$>% 4!+/<% *4% +*'% *"4$4C<"/#''% *"+'%
3$4,#0C$#%)&(%?#%*+)#%#=3#/'+;#6%
%
8/% *"+'% 3&3#$% !#% 0#',$+?#%&% /#!% &5<4$+*")>%!"+," %$#'C5*'% +/% &?4C*% HKK@:450%'3##0% C3% 4:% *"#%
,&5,C5&*+4/'%+/%,4)3&$+'4/%!+*"%*"#%3$#;+4C'%&5<4$+*")%?(%Y:4/+/#%&"#'()%D1KKWF>%&/0%!"+,"% &5'4%
3$4;+0#' %&%?#**#$%:+*%4:%*"#%0&*&6%B"#%'3##0%<&+/%+'%&,"+#;#0%?(%4?*&+/+/<%*"#%43*+)&5%?C59%'45;#/*%
&/0%',&5+/<%3&$&)#*#$'%&/&5(*+,&55(6%
%
%
$%#&'()*+! #
%
!"#"$%&'()*+),'-$(-./0$,.+.10*0+($203,)&0&*'./$1)40/5 $
%
B4%4?*&+/%*"#%#5#)#/*'%4:%&/+'4*$43+,%',&5#%)&*$+=%DQF%*"#%)+/+)+T&*+4/%4:%D1F%+'%$#35&,#0%!+*"%*"#%
)+/+)+T&*+4/%4:%%
%

!"! ! !" ! ! !"# ! ! !" ! !!"#$% ! !
! % % % % % % % D[F%

%
&''C)+/<%*"&*%! !"# %&/0%! !"#$% %&$#%34'+*+;#%D!"+,"%+'%&5!&('%*"#%,&'#F>%&/0%*"#%)+/+)&%4:%D1F%&/0%
D[F%&$#%,54'#%#/4C<"6%B"#%'#,4/0%&''C)3*+4/%+'%/4*%4?;+4C'%&/0%"&'%*4%?#%;#$+:+#06%\=3$#''+4/ %D[F%
,&/%!#%$#@!$+**#/%&'%
%

!"! ! ! !! ! ! ! ! ! ! !"#$%!
!

! % % % % % % % DJF%
%

!"#$#%! ! !
!

! ! ! !" ! !"# ! !"#$%&&! !"#$%#&!' ! !"#! ! ! !"#$ ! !"#$
! !

6%V#:+/+/<%!"! ! !"! ! ! ! ! %&/0%

' +/,#%! !"#$%%+'%&%'())#*$+,%-.-%)&*$+=>%*"#%*&$<#*%:C/,*+4/%*4%0#*#$)+/#%*"#%43*+)&5%! !"#$%%+'%
%

!"! ! ! ! ! !! ! ! ! ! !! ! ! ! ! !! ! ! ! ! ! !" ! ! ! ! ! !" ! ! ! ! ! !" !" !
! % % DIF6%

%
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!
"#$! ! !"#$%!%&'($)!*#&*!+,-,+,.$!/0 12!! !"#$%2!&3$!4$*$3+,-$4!536+!*#$!76-4,*,6-!! ! !"! ! ! 2!8#,7#!
9,%$)!&!):)*$+!65!),;!',-$&3!$<(&*,6-) !
!

! !! !"#$% ! ! ! ! ! ! ! ! ! ! ! ! /=>1!
!
8#$3$!! ! ! ! !! 2!!! ! ! ! ! ! ! ! ! ! !!"! ! !" !! ! !" ! 2!! !4$-6*$)!6(*$3!?364(7*!&-4!! ! ! !! ! @!
!
"#$!4$),3$4!! !"#$%!&3$!4$*$3+,-$4!A:!)6'%,-9!*#$!):)*$+!/=> 1!
!

! !"#$% ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! /==1@!
!
B3:)*&'C):)*$+ C)?$7,5,7! ):++$*3:! 76-)*3&,-*)! 7&-! A$! ,-763?63&*$4! %,&! &!!"#$%&'(#%) *'%&(+! /" 12!
8#,7#! ,) !4$3,%$4!536+!5,3)*!?3,-7,?'$)!A:!)6'%,-9!*#$!):)*$+!65!',-$&3!$<(&*,6-)!! ! !" ! ! !563!&''!
36*&*,6-! +&*3,7$)!! !65! *#$! 73:)*&'C):)*$+! ?6,-*! 936(?@!D'*$3-&*,%$':2! ):++$*3:! 76-)*3&,-*)! &3$!
65*$-! 4$3,%$4! +&-(&'':! &-4! *&A('&*$4! /E:$! /=0FG1H! I,&76%&..6! /=00J11@! K63! $;&+?'$2! *#$!
76-)*3&,-*!+&*3,;!563!*#$!*$*3&96-&'!73:)*&'!):)*$+!,)L!
!

! ! ! ! ! ! ! !
! ! ! ! ! !

! ! ! ! ! ! ! ! /=J1!

!
"#$!-(+A$3!65!368)!,- !! !4$*$3+,-$)!*#$!-(+A$3!65!,-4$?$-4$-*!76$55,7,$-*)!65!! !"#$%@!M$*!! !"# !A$!
*#$!76'(+-!%$7*63!65!,-4$?$-4$-*!76$55,7,$-*)2!*#$-!*#$!/3$4(-4&-*1!)$*!65!),;!76$55,7,$-*)!! !"#$%!,)!
6A*&,-$4!%,&L!
!

! !"#$% ! ! !! ! !! ! !! ! !" ! !" ! !" ! ! ! !! !"# ! ! ! /=N1!
!
"#$!76-)*3&,-*!+&*3,;!! !,)!,-*364(7$4!,-*6!$<(&*,6-)!/ =>1!&-4!/==1!&A6%$!&)!56''68)L!
!

! ! !! !"# ! ! ! ! ! ! ! ! ! ! ! ! ! /=O1!
!
8,*#! ! ! ! ! ! ! ! !! 2!!! ! ! !" 2!! ! ! ! ! ! !! 2!&-4!
!

! !"# ! ! !
! ! ! ! ! ! ! ! ! ! ! ! ! ! /=F1@!

!
"#$!5(''! ! !"#$%!,)!*#$-!4$*$3+,-$4!%,&!$<(&*,6-!/=N1@!
!
!
!"!"#$%&'()*(+&,#',-./#+-*-0/)/*'#1+(.2%(0&-.#0(3/.4 #
!
P6':-6+,&'!+64$'!563!&-,)6*36?,7!)7&'$!5&7*63!/F1!&''68)!4,3$7*':!(),-9!*#$!3$),4(&'!/J1!*6!5,-4!*#$!
6?*,+&'! 76$55,7,$-*)! ! !!&-4! ! ! #!B6+?(*&*,6-&'':2! *#,)! )$$+)! *6! A$! &4%&-*&9$6()!),-7$! 8$! 46-Q*!
-$$4!*6!+&R$!&-!&))(+?*,6-!&A6(*!),+,'&3,*:!65!+,-,+&!65!/J1!&-4!/G1@!D*!*#$!)&+$!*,+$2!*#$3$!,)!
-6! ' ),&("&(!?3$5$3$-7$!563!/J1!8,*#!3$)?$7*!*6! /G1H!&')6!*#$!$;?6-$-*,&'!+64$'!#&)!)6+$!?#:),7&'!
3$&)6-)!A$#,-4!,*!8#,'$!*#$!?6':-6+,&'!+64$'!,)!?(3$':! $+?,3,7&'@!
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!
"#$! ! !"#$%!%&'($)!*#&*!+,-,+,.$!/0 12!! !"#$%2!&3$!4$*$3+,-$4!536+!*#$!76-4,*,6-!! ! !"! ! ! 2!8#,7#!
9,%$)!&!):)*$+!65!),;!',-$&3!$<(&*,6-) !
!

! !! !"#$% ! ! ! ! ! ! ! ! ! ! ! ! /=>1!
!
8#$3$!! ! ! ! !! 2!!! ! ! ! ! ! ! ! !!! !" ! ! !" !! ! !" ! 2!! !4$-6*$)!6(*$3!?364(7*!&-4!! ! ! !! ! @!
!
"#$!4$),3$4!! !"#$%!&3$!4$*$3+,-$4!A:!)6'%,-9!*#$!):)*$+!/=> 1!
!

! !"#$% ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! /==1@!
!
B3:)*&'C):)*$+ C)?$7,5,7! ):++$*3:! 76-)*3&,-*)! 7&-! A$! ,-763?63&*$4! %,&! &!!"#$%&'(#%) *'%&(+! /" 12!
8#,7#! ,) !4$3,%$4!536+!5,3)*!?3,-7,?'$)!A:!)6'%,-9!*#$!):)*$+!65!',-$&3!$<(&*,6-)!! ! !" ! ! !563!&''!
36*&*,6-! +&*3,7$)!! !65! *#$! 73:)*&'C):)*$+! ?6,-*! 936(?@!D'*$3-&*,%$':2! ):++$*3:! 76-)*3&,-*)! &3$!
65*$-! 4$3,%$4! +&-(&'':! &-4! *&A('&*$4! /E:$! /=0FG1H! I,&76%&..6! /=00J11@! K63! $;&+?'$2! *#$!
76-)*3&,-*!+&*3,;!563!*#$!*$*3&96-&'!73:)*&'!):)*$+!,)L!
!

! ! ! ! ! ! ! !
! ! ! ! ! !

! ! ! ! ! ! ! ! /=J1!

!
"#$!-(+A$3!65!368)!,- !! !4$*$3+,-$)!*#$!-(+A$3!65!,-4$?$-4$-*!76$55,7,$-*)!65!! !"#$%@!M$*!! !"# !A$!
*#$!76'(+-!%$7*63!65!,-4$?$-4$-*!76$55,7,$-*)2!*#$-!*#$!/3$4(-4&-*1!)$*!65!),;!76$55,7,$-*)!! !"#$%!,)!
6A*&,-$4!%,&L!
!

! !"#$% ! ! !! ! !! ! !! ! !" ! !" ! !" ! ! ! !! !"# ! ! ! /=N1!
!
"#$!76-)*3&,-*!+&*3,;!! !,)!,-*364(7$4!,-*6!$<(&*,6-)!/ =>1!&-4!/==1!&A6%$!&)!56''68)L!
!

! ! !! !"# ! ! ! ! ! ! ! ! ! ! ! ! ! /=O1!
!
8,*#! ! ! ! ! ! ! ! !! 2!!!! ! !" 2!! ! ! ! ! ! !! 2!&-4!
!

!!"# ! ! !
! ! ! ! ! ! ! ! ! ! ! ! ! ! /=F1@!

!
"#$!5(''! ! !"#$%!,)!*#$-!4$*$3+,-$4!%,&!$<(&*,6-!/=N1@!
!
!
!"!"#$%&'()*(+&,#',-./#+-*-0/)/*'#1+(.2%(0&-.#0(3/.4 #
!
P6':-6+,&'!+64$'!563!&-,)6*36?,7!)7&'$!5&7*63!/F1!&''68)!4,3$7*':!(),-9!*#$!3$),4(&'!/J1!*6!5,-4!*#$!
6?*,+&'! 76$55,7,$-*)! ! ! !&-4! ! ! #!B6+?(*&*,6-&'':2! *#,)! )$$+)! *6! A$! &4%&-*&9$6()!),-7$! 8$! 46-Q*!
-$$4!*6!+&R$!&-!&))(+?*,6-!&A6(*!),+,'&3,*:!65!+,-,+&!65!/J1!&-4!/G1@!D*!*#$!)&+$!*,+$2!*#$3$!,)!
-6! ' ),&("&(!?3$5$3$-7$!563!/J1!8,*#!3$)?$7*!*6! /G1H!&')6!*#$!$;?6-$-*,&'!+64$'!#&)!)6+$!?#:),7&'!
3$&)6-)!A$#,-4!,*!8#,'$!*#$!?6':-6+,&'!+64$'!,)!?(3$':! $+?,3,7&'@!

•! D+)7O+2=$

__!.2*4-!#E!"mm!6#B4!J$$'=O f=&.;n-#.34*'K!

•! ;33,+&4.=$

`(;4-!(!)*,!E+(6)#*!#E!(!-46#*B!434*!E#+!+2=#-#$4!
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!
5*B*90,93!/+!.+,B290!"CI$!6'!-0)!6,*/'!
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:)*+8/4):&/1&?T80**)6U-1*.,)>)&"#$%&%A&!"BB$%&&
VN&W&V*&/.&/*&58)*)1.):&10Q&43&?B$A&/.&/*&-1+,)#8&#1:&)>)1&2/*,)#:/1<&Q(#.&/*&#&:/77)8)1+)&4).Q))1&
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).+X &'()& 2)#1/1<& 07& )#+(&*+#,)& /1& ?B$& /*& );5,#/1):& 4),0QW&4). Q))1& .(/*& 50/1.& #1:& Y!%S).(0:*Z&
*)+./01%&V,*0A&.(/*&/*&Q(#.&.()&#,<08/.(2&43&V701/1)&).&#,&?!""P$&/*&05)8#./1<&Q/.(%&[1&.()&#,<08/.(2&
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6#(:/&)!+#$$/+)*#&!*6! :/$'!*37#$)%&)=!)#!6)%$)!)0/!*)/$%)*:/!7$#+/A-$/H!./!A#!&#)!G&#.!*,!
)0*6!3%'!6(#.! )0/!+#&:/$1/&+/!#$! /:/&! (/%A! )#!%! .$#&1!6#(-)*#&! /$$#&/#-6('! *&+$/%6*&1!
! !"#! ! ! ! !,#$!(#. 5$/6#(-)*#&!60/((6?!

!
J= >77$#%+0! J?! D)! 6//36! )0%)! ./! %$/! #2(*1/A! )#! 6/%$+0! ,#$!! !"#$ ! ! %&A!! !"#! ! ! ! ! C#$! *)6!

+#37#&/&)6=! 2'! *)/$%)*#&6H! )#! A#! 6#! *)! 3%'! 2/! *37#$)%&)! )0%)! )0/! 6)%$)*&1! :%(-/6! %$/! )0/!
+(#6/6)!7#66*2(/!)#!)0/!+#$$/+)!:%(-/6?!!9#!%:#*A!%&!/$$#&/#-6!*&,(-/&+/!#,!!(#. 5$/6#(-)*#&!A%)%!
)%G/&!.*)0!! !"#$ ! ! ! !./!3%'!)$'!)0/!,#((#.*&1! E!!
5 >6!*&!>77$#%+0!<8!,*&A!6*3-()%&/#-6('!! !"#$ ! !%&A!! !"#$%&&! !"#$%#&!'! ! ! !:%(-/6H!/:/&!.0/&!

,#$!6#3/!60/((6! )0/6/! :%(-/6! .*((!2/!+0#6/&! /$$#&/#-6('!A-/! )#! )0/!%32*1-*)'!A*6+-66/A!

 2 

!
"#$!%&'!%&%(')*+%(!,-&+)*#&!! !"#$ ! !./! !"##$%!+%(+-(%)/!%&%(')*+%(('!)0/!1(#2%(!3*&*3-3!#,!)0/!45
,%+)#$!6*3-()%&/#-6('!,#$!%((!7%$%3/)/$6!#,!! !"#$ ! 8!! !"#$%&&8!! !"#$%#&!'8!!!!"#$%!!90/!7$#2(/36!7/$6*6)6!
/:/&!.0/&!./!$/7(%+/!)0/!4 5,%+)#$!2'!#)0/$!,-&+)*#&8!,#$!/;%37(/!)0/!!" !! !"#$%!! !"# !&'
'
<= >77$#%+0! <?!@/! 6-77#6/! )0%)! *&*)*%(('! ./! 3%'! &/1(/+)! )0/! +$'6)%(! %&*6#)$#7'! %&A! *37#6/!

*&*)*%(('!! !"#$%&'%(#) ! ! ! ?! 90/&!./! !"# ! %&%(')*+%(('! ,*&A8! *&! /%+0! $/6#(-)*#&! 60/((8! )0/!
&-3/$*+%(!:%(-/6!#,!! !"#$ ! !%&A!! !"#$%&&! !"#$%#&!'! ! ! !3*&*3 *B*&1!)0/ !!" ?!90/&!,#$!)0/6/!:%(-/6!
C3%'2/! 7$/(*3*&%$'! 63##)0/A=! ./! 3%'! *37$#:/! )0/! 6+%(*&1! A/,*&*&1! %&%(')*+%(('!
! !"#$%&'%(#) ! ?!D&!)0*6!%77$#%+0!./!E!
5 A#! &#)! -6/! C./! (#6/=! )0/! *&,#$3%)*#&! )0%)!! !"#$%#&!'!!! ! *6! %! +#&)*&-#-6('! A/+$/%6*&1!

,-&+)*#&!#,!)0/!$/6#(-)*#&!C3#$/#:/$8!)0%)!*)!*6!%!F%-66*%&!,-&+)*#&!#,!6=!
5 ./! +%&&#)!6#(:/!)0/!%32*1-*)'!,#$!(#.5$/6#(-)*#&!A%)%!.0*+0!%$/!)0/!3#6)!+#&+/$&/A!)0/!

2-(G56#(:/&)!+#$$/+)*#&H!*,!! !"#$ !%$/!7$#7#$)*#&%(!)#!! !"#! !%6!
!
!

!! !"#$ ! ! ! ! !"#! ''
!
!
)0/&!%((!+#32*&%)*#&6!
!
!
!! !"#$%&&! ! !" !"#$ ! !"#$%!!
!
!
1*:/! )0/! 6%3/! 4 5,%+)#$H! )0/&!%! 63%((! :%$*%)*#&! *&! A%)%! 3%'! /$$#&/#-6('! (/%A! )#! %! ,%(6/!
6#(-)*#&?!!
!

I= >77$#%+0! I?! @/! 6-77#6/! )0%)! *&*)*%(('! ./! 3%'! &/1(/+)! )0/! +#&)$*2-)*#&! #,! )0/! 2-(G! 6#(:/&)!
*37#6*&1!! !"#$ ! ! ! ?! !90/&! ./! !"# !%&%(')*+%(('! ,*&A!"%'"'%()*' "++' ,"-")*%*-. !#,!! !"#! ! ! ! !
.0/$/!./!3%'!*&+(-A/! ! !"#$%#&!'! ! ! !A*$/+)('!*&!! !"#$%&'%(#)! ! ! ?!>)!)0*6!3#3/&)8!! !"#$%&'%(#) ! !*,!
&/+/66%$*('!3%'!2/!$/3#A/(/A!2'!%&#)0/$!3#A/(!C7#('&#3*%(=?!90/&! .*)0! )0/!1*:/&! ! !"#! ! ! ! !!
./!3%'!%&%(')*+%(('!+%(+-(%)/!)0/!#7)*3%(!&-3/$*+!:%(-/6!#,!!!"#$ ! !*&!/%+0!$/6#(-)*#&!60/((?!
90/&8! .*)0! )0/! ,#-&A! ! !"#$ ! ! :%(-/6! !C#$! 63##)0/A! :%(-/6=!./! 3%'! $/,*&/! )0/! :%(-/6! #,!
! !"#! ! ! ! !/)+?!D&!)0*6!%77$#%+0!E!!
5 @/! -6/! /66/&)*%(('! *&+#$$/+)! :%(-/6! #,! (#.5$/6#(-)*#&! %37(*)-A/6! C,#$! .0*+0! )0/! 2-(G!

6#(:/&)!+#$$/+)*#&!*6! :/$'!*37#$)%&)=!)#!6)%$)!)0/!*)/$%)*:/!7$#+/A-$/H!./!A#!&#)!G&#.!*,!
)0*6!3%'!6(#.! )0/!+#&:/$1/&+/!#$! /:/&! (/%A! )#!%! .$#&1!6#(-)*#&! /$$#&/#-6('! *&+$/%6*&1!
! !"#! ! ! ! !,#$!(#. 5$/6#(-)*#&!60/((6?!

!
J= >77$#%+0! J?! D)! 6//36! )0%)! ./! %$/! #2(*1/A! )#! 6/%$+0! ,#$!! !"#$ ! ! %&A!! !"#! ! ! ! ! C#$! *)6!

+#37#&/&)6=! 2'! *)/$%)*#&6H! )#! A#! 6#! *)! 3%'! 2/! *37#$)%&)! )0%)! )0/! 6)%$)*&1! :%(-/6! %$/! )0/!
+(#6/6)!7#66*2(/!)#!)0/!+#$$/+)!:%(-/6?!!9#!%:#*A!%&!/$$#&/#-6!*&,(-/&+/!#,!!(#. 5$/6#(-)*#&!A%)%!
)%G/&!.*)0!! !"#$ ! ! ! !./!3%'!)$'!)0/!,#((#.*&1! E!!
5 >6!*&!>77$#%+0!<8!,*&A!6*3-()%&/#-6('!! !"#$ ! !%&A!! !"#$%&&! !"#$%#&!'! ! ! !:%(-/6H!/:/&!.0/&!

,#$!6#3/!60/((6! )0/6/! :%(-/6! .*((!2/!+0#6/&! /$$#&/#-6('!A-/! )#! )0/!%32*1-*)'!A*6+-66/A!

?..!6#$=2*()#*-!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!:2..!+4-&.'!2*!'04!-($4!! DE(6'#+!
VM! 1*!.#:4-'!+4-#.&)#*!k#*4C!
:*! !.+&26!2*!.#:4-'!+4-#.&)#*!k#*4!'04!$2*2$&$!#E!9A!(*B!G!6(*!=4!34+,!B2S4+4*'C!

P8#2$ P.Q#$

! J9cZMZWQV>!"$(-; cZM\WVPKcZMPZYP!
! J9cZMZXQP>!"$(-; cZMP\VXKcZMPPY\!

! J9cZMZVPV>!"$(-; cZM\_ZZKcZM\W\h!
! J9cZMZV_V>!"$(-; cZMQVQQKcZM_ZhQ!



q0260!:#&.B!$(;4!!!!!!!!!!!!!!!!!r/$&;(.2s!J(*B!:0260!$(,!*#'!=4!*&$4+26(..,!/##BK!

•! E#-22-2*!D!B4H*2)#*-!

1 

Scaling and twinning 

 

1. Getting twinning coefficients for known x (bulk solvent scale factor) 

 

Let the data be twinning following N twinning operations, so that  

I (s) =! 1Imodel (s1)+...+! NImodel (sN )   

where I = Fobs
2 s( ) , Imodel (s) = k2(s) Fcalc(s)+b(s)Fmask s1( )

2
, includes all salce factors (overall, 

isotropic, anisotropic), and where unknowns are n! . A complementary condition is  

C(! 1,...,! N ) =! 1 +...+! N ! 1= 0  (A) 

 

We want to find a minimum of 

LSA(! 1,...,! N ) =
1
2

! 1Imodel (s1)+...+! NImodel (sN ) ! I (s)"# $%
s

&
2
 

with the constraint (A). This solution correspond to the unconstrained minimum of the 

Lagrangian :  
LSA(! 1,...,! N, " ) = LSA(! 1,...,! N )+ " C(! 1,...,! N ) ! min  

i.e. to the solution of the system of equations  

! LSA(! 1,...,! N, " ) / ! ! 1 = 0

...

! LSA(! 1,...,! N, " ) / ! ! 1 = 0

! LSA(! 1,...,! N, " ) / ! " = 0

"

#
$
$

%
$
$

 

The system above is a system of N+1 linear equations with N+1 unknowns : 

! 1Imodel (s1)+...+! NImodel (sN ) ! I (s)"# $%
s

& Imodel (s1)+ " = 0

...

! 1Imodel (s1)+...+! NImodel (sN ) ! I(s)"# $%
s

& Imodel (sN )+ " = 0

! 1 +...+! N ! 1= 0

'

(

)
)
)

*

)
)
)

 

that may be solved using standard procedures (?? do you have them ??). 

 

 

 

N#+!<!':2*!B#$(2*-!'04!'#'(.!2*'4*-2',!2-!

' <!c!E<'$

=<!L!':2*!E+(6)#*!E#+!<'0!':2*!B#$(2*!

E<!L!$('+2O!B4H*2*/!':2*!#%4+('#+!E#+!<'0!':2*!B#$(2* $

 6 

!"#$%&#'%()*$+,*-,./(0*,1"2$%/(*3'*! ! *2(0*-"3-$%$"$%()*! ! ! *45/6*$+,*4%5-$*,1"2$%/(*%($/*$+,*(,7*
-,./(0*,1"2$%/(8*7,*/3$2%(*2*."3%.*,1"2$%/(*
*

! ! ! ! ! ! ! ! !
! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! !! ! ! *9: : ; *

*
<+,*-,(%/5*./,44%.%,($*%(*9:: ;*-2$%-4%,-*$+,*=2".+' >?.+725@*%(,1"2#%$'*
*

! ! ! ! ! ! !
! ! ! !

!
! !!

!
! ! ! ! !!! ! ! !!! ! ! * * * * * 9: A;*

*
-/*$+,*,1"2$%/(*9: : ;*.2(*3,*5, >75%$$,(*2-*
*

! ! ! !"! ! !" ! ! ! ! * * * * * * * * * 9:B;*
*
2(0 *-/#C,0*"-%()*2*-$2(0250*&5/.,0"5,D*
*
<+,*./55,-&/(0%()*C2#",-*/4*! *25,*/3$2%(,0*3'*-"3-$%$"$%()*$+,*5//$-*/4*$+,*,1"2$%/(*9:B;*%($/*$+,*
4%5-$*,1"2$%/(*%(*$+,*-'-$,6*9:E ;*
*

! ! ! ! ! ! ! ! ! ! ! ! ! ! ! * * * * * * * * 9:F;*
*
G4* (/* &/-%$%C,* 5//$* ,H%-$-8*!*%-* 2--%)(,0* @,5/* C2#",8* 7+%.+* 6,2(-* $+,* 23-,(.,* /4* 3"#I>-/#C,($*
./($5%3"$%/(D* G4* -,C,52#*! ! ! * ,H%-$* $+,(*$+,* /(,* %-* -,#,.$,0*$+2$* )%C,-* $+,* -62##,5* C2#",* /4*
!" ! ! ! ! !*
*
?%(.,*$+,*-.2#,-*! *2(0*"*25,*/3$2%(,0*&,5*-"3-,$*/4*5,4#,.$%/(-*2(0*$+,*("63,5*/4*$+,-,* -"3-,$- *%-*
6".+* -62##,5*$+2(*$+,*("63,5*/4*5,4#,.$%/(-8*! *2(0*"*.2(*3,*0%5,.$#'*"-,0*$/*.2#."#2$,*! !"#$% *9E;*
7 %$+/"$*$+,*5%-I*/4*/C,54%$$%()D**
*
G4*0,-%5,08*/(,*.2(*4%$*$+,*5%)+$>+2(0*-%0,*/4*,H&5,--%/(*9J;*$/*2552'*/4*"*3'*6%(%6%@%()*$+,*5,-%0"2#**
*

!" ! ! ! ! !"#!"# ! ! !"#! ! !
!

! * * * * * * * 9:J ;*
*
4/5*2##*! ! ! D*<+%-*.2(*3,*2.+%,C,0*2(2#'$%.2##'*2-*0,-.5%3,0*%(*K&&,(0%H*KD*?%6%#25#'* /(,* .2( *4%$*
! !"#$%&&!"# ! ! !"#$%&&! ! ! *$/*$+,*2552'*/4*! *D*
*
*

! !"#$% ! ! ! !"#! ! ! ! !"#$ *
*

!!"#$% ! ! !"#$%
! ! ! ! !"#! ! !! !"#$

! *
*
!"#"$%&'(')*'$+,$-./))/)0 $
*
G(*.2-,*/4*$7%((%()*7%$+*#*$7%(>5,#2$,0*0/62%(-8*$+,*$/$2#*6/0,#*-$5".$"5,*42.$/5*9E;*%-*0,4%(,0*2-*
*

! !"#$% ! ! ! ! !
! ! !
! ! ! ! ! ! ! !

!
! ! ! ! !

! ! !
! ! ! ! ! ! ! ! ! * * * 9:L;*

*

9!(*B!) !(+4!(..!'04!-($4!E#+!(..!':2*!B#$(2*-!

1 

Scaling and twinning 

 

1. Getting twinning coefficients for known x (bulk solvent scale factor) 

 

Let the data be twinning following N twinning operations, so that  

I (s) =! 1Imodel (s1)+...+! NImodel (sN )   

where I = Fobs
2 s( ) , Imodel (s) = k2(s) Fcalc(s)+b(s)Fmask s1( )

2
, includes all salce factors (overall, 

isotropic, anisotropic), and where unknowns are n! . A complementary condition is  

C(! 1,...,! N ) =! 1 +...+! N ! 1= 0  (A) 

 

We want to find a minimum of 

LSA(! 1,...,! N ) =
1
2

! 1Imodel (s1)+...+! NImodel (sN ) ! I (s)"# $%
s

&
2
 

with the constraint (A). This solution correspond to the unconstrained minimum of the 

Lagrangian :  
LSA(! 1,...,! N, " ) = LSA(! 1,...,! N )+ " C(! 1,...,! N ) ! min  

i.e. to the solution of the system of equations  

! LSA(! 1,...,! N, " ) / ! ! 1 = 0

...

! LSA(! 1,...,! N, " ) / ! ! 1 = 0

! LSA(! 1,...,! N, " ) / ! " = 0

"

#
$
$

%
$
$

 

The system above is a system of N+1 linear equations with N+1 unknowns : 

! 1Imodel (s1)+...+! NImodel (sN ) ! I (s)"# $%
s

& Imodel (s1)+ " = 0

...

! 1Imodel (s1)+...+! NImodel (sN ) ! I (s)"# $%
s

& Imodel (sN )+ " = 0

! 1 +...+! N ! 1= 0

'

(

)
)
)

*

)
)
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that may be solved using standard procedures (?? do you have them ??). 
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Scaling and twinning 

 

1. Getting twinning coefficients for known x (bulk solvent scale factor) 

 

Let the data be twinning following N twinning operations, so that  

I(s) =! 1Imodel (s1)+...+! N Imodel (sN )   

 

I (s) =! 1Imodel (s1)+...+(1! ! i
i=1

N! 1

" )Imodel (sN )  

 

where I = Fobs
2 s( ) , Imodel (s) = k2(s) Fcalc(s)+b(s)Fmask s1( )

2
, includes all salce factors (overall, 

isotropic, anisotropic), and where unknowns are n! . A complementary condition is  

C(! 1,...,! N ) =! 1 +...+! N ! 1= 0  (A) 

 

We want to find a minimum of 

LSA(! 1,...,! N ) =
1
2

! 1Imodel (s1)+...+! NImodel (sN ) ! I (s)"# $%
s

&
2
 

with the constraint (A). This solution correspond to the unconstrained minimum of the 

Lagrangian :  
LSA(! 1,...,! N, " ) = LSA(! 1,...,! N )+ " C(! 1,...,! N ) ! min  

i.e. to the solution of the system of equations  

! LSA(! 1,...,! N, " ) / ! ! 1 = 0

...

! LSA(! 1,...,! N, " ) / ! ! 1 = 0

! LSA(! 1,...,! N, " ) / ! " = 0

"

#
$
$

%
$
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The system above is a system of N+1 linear equations with N+1 unknowns : 

! 1Imodel (s1)+...+! NImodel (sN ) ! I (s)"# $%
s

& Imodel (s1)+ " = 0

...

! 1Imodel (s1)+...+! NImodel (sN ) ! I (s)"# $%
s

& Imodel (sN )+ " = 0

! 1 +...+! N ! 1= 0

'

(

)
)
)

*

)
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Let the data be twinning following N twinning operations, so that  

I (s) =! 1Imodel (s1)+...+! NImodel (sN )   
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where I = Fobs
2 s( ) , Imodel (s) = k2(s) Fcalc(s)+b(s)Fmask s1( )

2
, includes all salce factors (overall, 

isotropic, anisotropic), and where unknowns are n! . A complementary condition is  

C(! 1,...,! N ) =! 1 +...+! N ! 1= 0  (A) 

 

We want to find a minimum of 

LSA(! 1,...,! N ) =
1
2

! 1Imodel (s1)+...+! NImodel (sN ) ! I (s)"# $%
s
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2
 

with the constraint (A). This solution correspond to the unconstrained minimum of the 

Lagrangian :  
LSA(! 1,...,! N , " ) = LSA(! 1,...,! N )+ " C(! 1,...,! N ) ! min  

i.e. to the solution of the system of equations  

! LSA(! 1,...,! N, " ) / ! ! 1 = 0

...

! LSA(! 1,...,! N, " ) / ! ! 1 = 0

! LSA(! 1,...,! N, " ) / ! " = 0

"

#
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%
$
$

 

The system above is a system of N+1 linear equations with N+1 unknowns : 

! 1Imodel (s1)+...+! NImodel (sN ) ! I (s)"# $%
s

& Imodel (s1)+ " = 0

...
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s
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1. Getting twinning coefficients for known x (bulk solvent scale factor) 

 

Let the data be twinning following N twinning operations, so that  

I (s) =! 1Imodel (s1)+...+! NImodel (sN )   

where I = Fobs
2 s( ) , Imodel (s) = k2(s) Fcalc(s)+b(s)Fmask s1( )

2
, includes all salce factors (overall, 

isotropic, anisotropic), and where unknowns are n! . A complementary condition is  

C(! 1,...,! N ) =! 1 +...+! N ! 1= 0  (A) 

 

We want to find a minimum of 

LSA(! 1,...,! N ) =
1
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s
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with the constraint (A). This solution correspond to the unconstrained minimum of the 

Lagrangian :  
LSA(! 1,...,! N, " ) = LSA(! 1,...,! N )+ " C(! 1,...,! N ) ! min  

i.e. to the solution of the system of equations  

! LSA(! 1,...,! N, " ) / ! ! 1 = 0

...

! LSA(! 1,...,! N, " ) / ! ! 1 = 0

! LSA(! 1,...,! N, " ) / ! " = 0

"
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The system above is a system of N+1 linear equations with N+1 unknowns : 

! 1Imodel (s1)+...+! NImodel (sN ) ! I (s)"# $%
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& Imodel (s1)+ " = 0

...
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& Imodel (sN )+ " = 0
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that may be solved using standard procedures (?? do you have them ??). 
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1. Getting twinning coefficients for known x (bulk solvent scale factor) 

 

Let the data be twinning following N twinning operations, so that  

I (s) =! 1Imodel (s1)+...+! NImodel (sN )   

where I = Fobs
2 s( ) , Imodel (s) = k2(s) Fcalc(s)+b(s)Fmask s1( )
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with the constraint (A). This solution correspond to the unconstrained minimum of the 

Lagrangian :  
LSA(! 1,...,! N, " ) = LSA(! 1,...,! N )+ " C(! 1,...,! N ) ! min  

i.e. to the solution of the system of equations  
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that may be solved using standard procedures (?? do you have them ??). 
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Scaling and twinning 

 

1. Getting twinning coefficients for known x (bulk solvent scale factor) 

 
Let the data be twinning following N twinning operations, so that  

I (s) =! 1Imodel (s1)+...+! NImodel (sN )   

 

I (s) =! 1Imodel (s1)+...+(1! ! i
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N! 1
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where I = Fobs
2 s( ) , Imodel (s) = k2(s) Fcalc(s)+b(s)Fmask s1( )

2
, includes all salce factors (overall, 

isotropic, anisotropic), and where unknowns are n! . A complementary condition is  
C(! 1,...,! N ) =! 1 +...+! N ! 1= 0   (A) 

 
We want to find a minimum of 

LSA(! 1,...,! N ) =
1
2

! 1Imodel (s1)+...+! NImodel (sN ) ! I (s)"# $%
s

&
2

 

with the constraint (A). This solution correspond to the unconstrained minimum of the 
Lagrangian :  

LSA(! 1,...,! N, " ) = LSA(! 1,...,! N )+ " C(! 1,...,! N ) ! min  

i.e. to the solution of the system of equations  

! LSA(! 1,...,! N, " ) / ! ! 1 = 0

...

! LSA(! 1,...,! N, " ) / ! ! 1 = 0

! LSA(! 1,...,! N, " ) / ! " = 0
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$
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%
$
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The system above is a system of N+1 linear equations with N+1 unknowns : 
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s

& Imodel (s1)+ " = 0

...
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s
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! 1 +...+! N ! 1= 0

'

(

)
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)
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)
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that may be solved using standard procedures (?? do you have them ??). 

 

 

 

2. Getting K and x for known twinning coefficients 

 

Let the data be twinning following N twinning operations, so that  

   KI (s) =! 1 Fcalc(s1)+ xFmask s1( )
2
+...+! N Fcalc(sN )+ xFmask sN( )

2
  

where I = Fobs
2 s( ) , x = b s( )  and K =T! 2 s( ) , and where the twinning coefficients n!  are 

supposed to be known from the previous step. Since all reflections in the formula have the 

same resolution, the bulk-solvent scale factor x = b s( )  and the overall scale factor 

K =T! 2 s( )  are the same for all of them. 

 
We introduce also Fcalc(sn) = pn +irn , Fmask(sn) = qn + itn  and open the sign of module for all 

terms: 

 

KI = ! n pn + xqn( )2
+! n rn + xtn( )2!

"
#
$

n=1

N

% =

= ! n pn
2 +rn

2( )+2x! n pnqn +rntn( )+ x2! n qn
2 +tn

2( )!
"

#
$

n=1

N

% = u+2xv+ x2w 

 

i.e. exactly the same type of equation as in the case of no-twinning but with the different 
values for the coefficients wvu ,, . As previously, the last equation may be rewritten in form 

 

x2w+2xv+ u! KI( ) = 0  

 

and solved as for the non-twinning case. 
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with two symmetric matrices ! !  and ! ! . This expression known as the polynomial model of the 
anisotropic scale can be thought as the first terms of the development of (10) in the Taylor series with 
the constant term omitted. Indeed, without this term equal to 1, expression (12) being calculated for the 
reflection(0,0,0) gives ! !"#$%&'%(#) !  0 for any combination of the coefficients in (12) that is obviously 
nonsense even when this reflection does not really present in most of calculations. 
 
In the frame of the previous paragraph, the presence of parameters of the unit cell of reciprocal space in 
(12) is natural due to presence of the orthogonalization matrix and its transponent, however this would 
also suggest presence of cosines of corresponding angles, similarly to (8). In (10) both these parameters 
are hidden in the coefficients. 
 
 
1.4. Bulk solvent scale factor 
 
Differently from scale factors ! !"#$%&&!! !"#$%#&!'! ! !"#$%&'%(#), the bulk solvent scale factor ! !"#$   is a 
part of the so called model flat bulk solvent model (Jiang & BrŸnger, 1994). In PHENIX (Adams et al., 
2010), the mask is computed using memory efficient exact asymmetric units described by Grosse-
Kunstleve et al. (2011), and!! !"#$  supposes to attenuate the structure factors calculated from the flat 
envelope and put them in an appropriate scale with respect to the model structure factors. By similarity 
to atomic models, Jiang & BrŸnger empirically suggested presenting this scale factor in Gaussian form 
 

! !"#$ ! ! !"#$%&'!"# !
! !"#$%&'

!
! !         (13) 

 
while presenting it simply by a tabulated function of the resolution was discussed by Urzhumtsev 
(1994). Later Fokine a Urzhumtsev (2002) demonstrated some physical meaning of the parameters 
suggested by Jiang & BrŸnger and the reasonable limits for their values.  
 
 
1.5. Search for the optimal values of the scale factors 
 
The values of the scale factors ! !"#$%&&, ! !"#$%#&!', ! !"#$%&'%(#) and ! !"#$  or corresponding parameters in 
(7), (10), (12), (13) are defined from the best fit of the amplitudes of the calculated structure factors (1) 
to the observed (experimental) amplitudes structure factors values, ! !"# . This can be done by 
minimizing  
 

!" ! ! !"# ! ! !"#$%
! ! !"#!         (14) 

 
or using more complicate targets like maximum likelihood (Afonine et al., 2005). Despite the seaming 
simplicity, finding these values may be tricky owing to their mutual correlation and a number of 
numerical issues that may arise (Fokine & Urzhumtsev 2002; Afonine et al, 2005). Therefore the robust 
and complex procedure was developed by Afonine et al. (2005) and since that is routinely used in 
PHENIX. Owing to its thoroughness this procedure may be time expensive. 
 
In this paper we describe a new algorithm, which results in about 100-fold speed up (XXX  for the best 
example found) of the calculations described by Afonine et al. (2005) and also provides a better fit of 
the data. The speed gain is achieved by obtaining the optimal values of all parameters analytically, 
without using any iterative optimization procedures. 
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 Resolution   Rold    Rnew  !
68.784-11.003 0.3128 0.2672!
10.984- 8.503 0.1972 0.1764!
 8.500- 7.500 0.2210 0.1977!
 7.499- 6.503 0.2296 0.2061!
 6.498- 6.002 0.2191 0.2042!
 5.999- 5.501 0.1948 0.1785!
 5.498- 5.000 0.1717 0.1657!
 4.999- 4.500 0.1412 0.1405!
 4.500- 4.000 0.1275 0.1263!
 4.000- 3.750 0.1317 0.1298!
 3.750- 3.500 0.1368 0.1338!
 3.500- 3.250 0.1417 0.1377!
 3.250- 3.000 0.1562 0.1517!
 3.000- 2.750 0.1619 0.1581!
 2.750- 2.500 0.1514 0.1480!
 2.500- 2.250 0.1473 0.1440!
 2.250- 2.000 0.1438 0.1374!
 2.000- 1.750 0.1493 0.1485!
 1.750- 1.600 0.1988 0.1647!
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 Resolution   Rold    Rnew  !
38.265-10.001 0.3235 0.2896!
 9.992- 7.508 0.2411 0.1807!
 7.491- 6.504 0.2401 0.1731!
 6.499- 5.501 0.2364 0.1801!
 5.499- 5.001 0.1977 0.1500!
 4.996- 4.502 0.1601 0.1484!
 4.500- 4.001 0.1464 0.1423!
 4.000- 3.751 0.1512 0.1457!
 3.750- 3.501 0.1539 0.1483!
 3.500- 3.250 0.1715 0.1639!
 3.250- 3.000 0.1835 0.1747!
 3.000- 2.750 0.1928 0.1854!
 2.749- 2.500 0.1922 0.1855!
 2.500- 2.250 0.1709 0.1660!
 2.250- 2.000 0.1562 0.1472!
 2.000- 1.750 0.1480 0.1468!
 1.750- 1.500 0.1430 0.1272!
 1.500- 1.320 0.2162 0.1475!
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