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New fast algorithm for overall, anisotropic and bulk-solvent scaling
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Basics: Fmodel — total model structure factor

e Used virtually everywhere:

Fmodel — koverallkisotropickanisotropic(Fcalc + kmaskaask)

_ a|F 2 2aF,ps|F
= Mmbgops — model = + (n +
R Zleobs |Fmode1|| 2mF DlF | T z ( | modell) I Io < obsl modell)
Zleobsl S 8,3 8.8

R-factors Maps Refinement targets



Basics: Fmodel — total model structure factor

* Overall scale (scalar) factor k

overall

l:"model — koverallkisotropickanisotropic(Fcalc + kmaskaask)

LS = Zs(Fobs - koveralllFr’nodell)z
Frlnodel - kisotropickanisotropic (Fcalc + kmaskaask)
aLS/akoverall =0

koverall = Zs(Fobs|Fr,node1|/|Fr’nodel|2)



Basics: Fmodel — total model structure factor

* OQverall isotropic scale factor k

isotropic

l:"model = koverallkisotropickanisotropic(Fcalc + kmaskaask)

k — resolution dependent scale factor. For example:

isotropic

Bisotropic
p SZ

kisotropic = exp (_ 4

s? = stG*s

-4

a‘a®* a‘'b* a‘c’ a‘a* a*b*cosy® a*c*cosf*
G*=(a*b* b*b* b*c*|=|a*b*cosy” b*b* b*c*cosa*

a‘'c® b'c® c'c’ a*c*cosf* b*c*cosa* c*c*

B — refinable parameter

isotropic



Basics: Fmodel — total model structure factor

* Overall scale factor k. icotropic

— Exponential model (Sheriff & Hendrickson, 1987)

l:"model — koverallkisotropickanisotropic(Fcalc + kmaskaask)

k

anisotropic

— 2t —
kanisotropic - exp(—Zn S Ucrysts) -

— Miller index dependent scale factor. For example:

= —2m% (U h? + uyk? + uggl® + uyp2hk + uy32hl + uy52kl)

Ucryst IS 3X3 symmetric anisotropy scale
matrix with 6 (or less) refinable
parameters

Symmetry constraints apply

Crystal System Restrictions on U
Triclinic None
1-2
Monoclinic U;3=U»3=0 when p=0=90°
3-15 U 12:U23:O when ’Y:CL:9O0
U12:U13:0 when Y:B:9OO
Orthorhombic U12:U13:U23:O
16-74
Tetragonal U] 1:U22 and U12:U13:U23:0
75-142
Rhombohedral U] 1:U22:U33 and U12:U13:U23
(trigonal)
143-167
Hexagonal Ul 1:U22 and U13:U23:O
168-194
Cubic U| 1:U22:U33 and U|2:U|3:U23:0 (=is0tropic)

195-230




Basics: Fmodel — total model structure factor

* QOverall scale factor k — Polynomial model (Usdn et al., 1999; Parkin et al., 1995)

anisotropic

l:"model — koverallkisotropickanisotropic(Fcalc + kmaskaask)

Kanisotropic = [*a**(a,s + a,) + K*b*(a,s + ag) + 17c(azs + ag) + 2kIb*c*(ays + ay,)
+ 2hla*c*(ass + ayy) + 2hka*b*(ags + ay,))

Relation to exponential model: Taylor series expansion of exponential model...

exp(—2m2s UgryseS) ~ 1 — 225 UgryseS + 2% (8 UcryseS) (S'UcryseS)

kanisotropic — StVOS + (Stvls)sz
V, and V, are symmetric 3*3 matrices (12 refinable parameters)

... with constant terms omitted (or included into refinable parameters)

=> Obvious problem: k =0 for F(000) reflection

anisotropic



Basics: Fmodel — total model structure factor

* Bulk-solvent scale factor k..,

l:"model — koverallkisotropickanisotropic(Fcalc + kmaskaask)

k

mask

—resolution dependent bulk-solvent mask scale. For example, it can be:

Kmask = KsolvenceXp (— 222 52)  phillips, 1980; Jiang & Briinger, 1994

Fokine & Urzhumtsev, 2002

PDB survey

300 %B o000 o

200 -

100 -

Average values:
keo, = 0.35 (e/A3)
B, = 46.0 (A2)



Basics: Fmodel

— total model structure factor

Algorithm used in many Phenix tools (phenix.refine, phenix.maps, phenix.model_vs_data, ...)

l:"model — koverallkisotropickanisotropic(Fcalc + kmaskaask)
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Works great since 2004 ...
. but slow: ~20 minutes for ribosome (on our fastest computer), 2.7A , 1582749
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* Re-thinking determination of overall and bulk-solvent scales

l:“model — koverallkisotropickanisotropic(Fcalc + kmaskaask)

e Make it fast:

_ Do not use minimizer; ... took a week to achieve

- Find all scales analytically;
- Do not spend any time on decoupling scales.

* Make sureitis as reliable as the current algorithm: ... where another 2 months
— works for large sample of PDB (40,000). went



* Overall scale factor k,nisotropic = exp(—anstUcrysts) (Exponential model)

l:"model = koverallkisotropickanisotropic(Fcalc + kmaskaask)

* Approach:
Instead of minimizing LS = Y.s(Fops — Koverall | Frodel|)?

Minimize LSL = Y (In(Fyps) — In(|Fmoderl))?

Assumptions:
1. Fobs >0 and |Fmodel| >0, which is always the case
2. Minima of LS and LSL are close enough to each other and to the minimum of
R-factor. This is not an obvious statement.

* Solution: U =M~1b

cryst —
M= VQ®YV, V= (h?%k?122hk,2hl, 2kl)", ® denotes outer productandb = — Y ZV
1 -1
Z = 2_712 In (Fobs (koverallkisotropic|Fcalc + kmaskaaskl) )

Takes a tiny fraction of a second even for ribosome

55 lines of C++ code (mmtbx/bulk_solvent)



* Overall scale factor k (Exponential model): symmetry constraints (Ralf)

anisotropic

Ugyst = (U1 Uzz Usz Uz Ups Uzz) = € Uyyg

C — symmetry constraints matrix
Example: for tetragonal system

= 01000

~

M Ujg = bc

MC - ZhVC ® Vc, VC == CV, bC == _ZhZVC‘

Solution: Uj,q = M¢c'b¢



* Overall scale factor k (Polynomial model)

anisotropic

Fmodel — koverallkisotropickanisotropic(Fcalc + kmaskaask)

kanisotropic =1+ StVOS + (Stvls)sz

V, and V; are found by solving system of 12 linear equations arising from VyLS = 0

LS = Zs(Fobs - |Fmode1|)2



Bulk solvent scale and overall isotropic scales: K eqair Kisotropic 3N Kask

l:"model — koverallkisotropickanisotropic(Fcalc + kmaskaask)

Approach:
. —2
Define: K = (koverallkisotropickanisotropic) y X = kmask and [ = Fozbs

Andfit:  KI = |Fuye + xFoor|?
by minimizing in resolution bins LS,(K,x) = Z(KI — |Featc + XFpaskl|?)* = min| ,
S

Solution:

F..=p+irandF g =qg+it w=q*+t:,v=pq+rtandu = p?+r?

= LS (K, x) = = Bl (x?w; + 2xv, + ;) — KI}; = 0
?
- LSs(K,x) = 2y f{(x?wg + 2xv, + ug) — KI}(xwg + v5) = 0

x3 + ax? + bx + ¢ = 0 (solved using standard methods available in scitbx)

~150 lines of C++ code (mmtbx/bulk_solvent);
plus 123 lines of C++ code for cubic equation solver (scitbx/math/cubic_equation.h)



e Overall procedure

1:"model — koverallkisotropickanisotropic(Fcalc + kmaskaask)

— Find scales K and x
- Then ﬁnd kanisotropic
— Repeated several times until convergence

700 lines of Python code (mmtbx/bulk_solvent/scaler.py)
Usage examples and tests: phenix_regression/bulk_sol_and_scaling_fast/tst.py
Python interface is obvious (minimum parameters):
result = mmtbx.bulk sovlent.scaler.run(
f obs = £ obs,
f calc = £ _calc,
f

mask = f mask)

f model = result.f model
k_ mask = result.k mask



e Caveats at very low resolution

l:"model — koverallkisotropickanisotropic(Fcalc + kmaskaask)

1. Inlowest resolution zone: F i = —AF.,1c

All combinations kqyeran(1 — Akmask) = const will result in the same R-factor

2. Rarely in lowest resolution zone the minimum of LS and R can be very different:

1kwn 1lhqw
08 —R 0.8 —R
: =—LS 0.7 ==LS
0.7 0.6
0.6 0.5
0.4
0.5 0.3
0.4 0.2
0.1
0.3

0
0 01 02 03 04 05 06 0.7 0.8

R(k=0.0961, k__.=0.2913)=0.3073 R(K=0.0131, k__.=0.2500)=0.2924

mask ™ mask ™

R(K=0.0863, k__.=0.3218)=0.3372 R(K=0.0151, k. _.=0.6166)=0.5046

mask ™ mask ™

0.15 0.25 0.35 0.45 0.55 0.65



e Twinning - definitions

For N twin domains the total intensity is I(S)=o_ .., (S)+..+ayl_ ..(Sy)
Sy = TpS
T, — matrix defining twin operator for Nth twin domain

a, — twin fraction for Nth twin domain

I(s)= Imodel = |Fmode1|2 — Kchalc + XFmaskl2

K and x are all the same for all twin domains

Constraint condition

Cla,...oy)=0o,+..40,-1=0

Note: it is not the same as defining (N-1) refinable «

N-1
Is)=al_ .(s)+.+1- Eai)lmodel(sN)

i=1

Which would make 1__,.(s,) “special” (and which may not be numerically good)



* Twinning — finding twin fractions

We find N twin fractio?s by minimizing
2
LA 0y) = YA i (8)+ - Oy Lo (5,) = 1(5)

S

with constraint condition

Clay,...oy)=0o,+..40,-1=0

This is equivalent to unconstrained minimization of the Lagrangian:
LSA(ay,...ay,A) = LSA(a,,...a, )+ AC(a,,...a, ) — min

This generates a system of N+1 linear equations with N+1 variables:
aLS((Xl, e (XN, /1)/(36(1 - 0

aLS(al, ...,aN,A)/aaN =0
aLS(al,...,aN,A)/aA =0

Solution: (621, ...,&N,/T)t =M'b

M = [ZSV1® v (1)]

V = (I, (Ty8), ..., Iy(Tys))
b= (X I1(8)(Tys), ..., Xs I(8)Iy(Tys), 1)



* Twinning — finding overall and bulk-solvent scales K and k

mask
Once twin fractions a;  «a, are available...
... we can search for scales K and k.,
2 2
KI(S) = al Fcalc (Sl)+ 'XFmask (Sl) ...t aN Fcalc (SN) + XFmask (SN )‘

... and we can re-use procedure described for non-twinned case to solve:

LSS(K; X) — Z(KI - |Fcalc + XFmasklz)2 - minll{,x
S

* Overall procedure consists of iterations of twin fractions and overall and bulk-solvent scales
determination



Results: runtime comparisons new vs old (Afonine et al., 2005)

PDB code | Resolution | Number | Number Speed
or structure (A) of atoms of gain
name reflections
1us0 0.66 3679 511265 105
lakg 1.10 136 4471 132
lous 1.20 3784 104889 86
lyjp 1.80 66 495 64
18t 1.95 3593 28288 104
lavl 4.00 6588 16201 110
1j14 3.99 4474 7428 78
2i07 4.0 12157 20412 126
28S7. 4.2 16344 17131 166

Ribosome (2.7A , 1582749 reflections; computer: chevy):
old: ~20 minutes
new: ~30 seconds



Results: Systematic tests for approximately 40,000 datasets from PDB

All reflections Low resolution reflections

o4 R-factor(OLD) o6 R-factor(OLD)
0.35
0.3
0.25
0.2

0.15

0.1

R-factor(NEW) R-factor(NEW)

0.05 0
0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0 0.1 0.2 0.3 0.4 0.5 0.6



* Results: k__ —selected examples

mask

2wxd 2bwx

===kmask 0.4 ===kmask

0.4 N\
\ =——eXp 0.3 ———eXp
0.3 \\
\\ 0.2

0.2 \
0.1 - 0.1
0 0.01 0.02 0.03 0 0.005 0.01 0.015 0.02 0.025 0.03
2x8h 3ahs
0.5
04 N ===kmask ==kmask

)<-\ ——exp 0.4 — exp
0.3 \
N 0.3

0.2 \\ 0.2 \

0.1 \ 0.1 \
0 T T T T T 1 0 T T 1—

0 0.005 0.01 0.015 0.02 0.025 0.03 0 0.01 0.02 0.03




Results: k

— selected examples

mask
2wxd
===kmask
0.4 N\
\ e
0.3 \\
0.2
0.1
0 ! T 1
0 0.01 0.02 0.03
2x8h
===kmask
0.4 N\
0.3
0.2 \\
0.1 \
0 T T T T T 1
0 0.005 0.01 0.015 0.02 0.025 0.03

2bwx
04 ===kmask
03 N X
0.2 \
0.1 \
0 \ 1 \ 1 \ |
0 0.005 0.01 0.015 0.02 0.025 0.03
3ahs
0.5 ===kmask
04 - 4—\ exp
0.3
0.2
0.1 \
0 \ \ -
0 0.01 0.02 0.03




Results: R-factors — selected examples

2wxd

Resolution Rold
68.784-11.003 0.3128
10.984- 8.503 0.1972
8.500- 7.500 0.2210
7.499- 6.503 0.2296
6.498- 6.002 0.2191
5.999- 5.501 0.1948
5.498- 5.000 0.1717
4.999- 4.500 0.1412
4.500- 4.000 0.1275
4.000- 3.750 0.1317
3.750- 3.500 0.1368
3.500- 3.250 0.1417
3.250- 3.000 0.1562
3.000- 2.750 0.1619
2.750- 2.500 0.1514
2.500- 2.250 0.1473
2.250- 2.000 0.1438
2.000- 1.750 0.1493
1.750- 1.600 0.1988

Rnew

0.2672
0.1764
0.1977
0.2061
0.2042
0.1785
0.1657
0.1405
0.1263
0.1298
0.1338
0.1377
0.1517
0.1581
0.1480
0.1440
0.1374
0.1485
0.1647



Results: R-factors — selected examples

Resolution
38.265-10.001
9.992- 7.508
7.491- 6.504
6.499- 5.501
5.499- 5.001
4.996- 4.502
4.500- 4.001
4.000- 3.751
3.750- 3.501
3.500- 3.250
3.250- 3.000
3.000- 2.750
2.749- 2.500
2.500- 2.250
2.250- 2.000
2.000- 1.750
1.750- 1.500
1.500- 1.320

3ahs

Rold

0.3235
0.2411
0.2401
0.2364
0.1977
0.1601
0.1464
0.1512
0.1539
0.1715
0.1835
0.1928
0.1922
0.1709
0.1562
0.1480
0.1430
0.2162

Rnew

0.2896
0.1807
0.1731
0.1801
0.1500
0.1484
0.1423
0.1457
0.1483
0.1639
0.1747
0.1854
0.1855
0.1660
0.1472
0.1468
0.1272
0.1475



e Who work on this:

Pavel Afonine
Sacha Urzhumtsev (math, algorithms)
Ralf Grosse-Kunstleve (coding, symmetry)

Paul Adams (valuable critiques and encouragement to look into how
kmask looks like)



